The problem of dynamic structural response dependent on random variations of design parameters is presented in the paper. A variational formulation of the FEM equations of motion and the probability distribution of time instant stochastic sensitivity are described. The suggested perturbation technique is completely secondorder accurate, unlike in conventional approach. For instance, three different structural systems, excited by a Heaviside impact, are implemented and discussed. Numerical results for the first two probabilistic moments of displacement sensitivity gradients are obtained by the mode superposition method. Concluding remarks show that dynamic sensitivity analysis in the stochastic context better describes the real structural response and allows us to find the appropriate design point.
After the introduction, in the second section the equations of motion are obtained in the context of FEM. The third section describes the stochastic dynamic sensitivity for a time instant. In the next section, numerical results of stochastic dynamic sensitivity analysis are shown for three different structural systems, with truss, shell and beam elements. Summary remarks finish the paper.
Finite element model of dynamics
The variational Hamilton's principle states that the real displacement field, among all permissible, satisfying boundary and initial conditions at times t 1 , t 2 in the volume Ω, makes stationary the functional of the total energy. The total energy is the sum of kinetic energy T , potential energy V and external forces work W , leading to
with
where ρ is the mass density, and = {ε 11 , ε 22 , ε 33 , √ 2ε 12 , √ 2ε 13 , √ 2ε 23 }, u = {u i },u = {u i }, = {σ 11 , σ 22 , σ 22 , √ 2σ 12 , √ 2σ 13 , √ 2σ 23 } and t = { t i }, i = 1, 2, 3, are the strain, displacement, velocity, stress and the boundary force vectors, respectively. By the engineering character of the paper, in Eq. (4) the body forces are neglected.
As a result of the transformation described in [23, 24] , the FEM equation system of motion is obtained as
where M = [M αβ ], C = [C αβ ] and K = [K αβ ], q = {q α },q = {q α },q = {q α } and Q = {Q α }, α = 1, 2, . . . , N , are the mass, damping and stiffness matrices, nodal displacement, velocity, acceleration and load vectors, respectively, with N being the system number of degrees of freedom. The explicit forms of the stiffness and nodal load matrices for specific types of the finite elements can be found in [1] [2] [3] , for instance. For the sake of presentation transparency, the indicial notation will be used from now on. Equations (5) are rewritten in the residual form, where twice repeated indices implying summation as
Time instant stochastic sensitivity
For the multi-degree-of-freedom (MDOF) system, at the time instant τ = t, the structural response can be defined by the function
where t denotes the running terminal time and δ(t − τ ) is the Dirac delta distribution. The function (7) is satisfying the equations of motion (5) and being an explicit and implicit function of the vector of design variables h = {h d }, d = 1, 2, . . . , D, and the vector of random variables b = {b r }, r = 1, 2, . . . , R, i.e.,
The first two probabilistic moments-expectations b r and cross-covariances Cov(b r , b s ) of the random variables b r are defined as
where
and α denote functions of correlation, variance, joint probability density and the coefficient of variation, respectively. The functions of random variables K αβ , C αβ , M αβ , q α and Q α will be handled by the perturbation scheme. Assume that K αβ , C αβ , M αβ , q β and Q α are twice differentiable with respect to the design variables h d and the random variables b r . Using the chain rule of differentiation, and since the running terminal time t takes on some a priori selected value in the time interval [0, T ], leads to the expression for the derivative of Φ with respect to h d in the form 
( 1 4 ) where
To eliminate q ;d α from (13), the adjoint system method is employed. Pre-multiplying (14) by the transpose of an adjoint vector λ α (τ ), which is initially independent of random design variables, integrating by parts with respect to τ and equating the coefficients at q ;d α in the resulting equation and (13), we obtain the differential equations of motion for the adjoint system in the form
Substituting (16) into (13) and taking into account (14) we obtain
Now, the functions of random variables 
where b r is the perturbational increment of b r with respect to b r 0 , and (·) 0 , (·) ;r and (·) ;rs describe the zeroth, first and second ordinary derivatives with respect to b r .
The expansions of M αβ , C αβ , K αβ , Q α , G .α , q β and λ α are substituted into (8) and (16) . Equating the coefficients of the given parameter θ to zeroth, first and second power leads to -1 pair of the zero-order equations
-r pairs of the first-order equations
-1 pair of the second-order equations
while the first-and second-order primary and adjoint generalized load vectors are defined by
Having solved the initial-terminal systems (19) - (21) for the zero-, first-and second-order primary and adjoint displacements, velocities and accelerations, the solution to the time instant stochastic sensitivity problem can be received by setting θ = 1 in the expansions of M αβ , C αβ , K αβ , Q α , G .α , q β ,q β ,q β , λ α ,λ α andλ α via the second-order perturbation. In this way, the dynamic case of the second-order accurate expectations and cross-covariances for the time instant sensitivity gradient are written, respectively, as
where (26) is second-order accurate, and not the first-order one as in [18] .
Numerical results
For illustration purposes, the dynamic sensitivity of displacement to random change of design parameters for three different structural systems is considered. First, the example of simple structure is considered for comparison the first-and second-order accuracy for the cross-covariance matrix. Next, the example known from [18] and discussed earlier for static sensitivity in [22] is analyzed. The numerical results given below are completely second-order accurate for the expectation vector and cross-covariance matrix, other than in [18] . Random design variables are defined by the thicknesses of shell elements and the cross-sectional areas of beam elements. Expectations and standard deviations, being the square root of variances, of dynamic sensitivity are presented in the graphs below. The stochastic sensitivity analysis is implemented by using a modified version of the computer code POLSAP, [25] . The first example is only academic and is intended to show the difference between the first-and second-order accurate cross-covariances of dynamic displacement sensitivity. The structure consisting of two truss elements with a length L = 5 m was analyzed, Fig. 1 . The nodes A and B are locked on moving. The elements are designed with material characterized by Young's modulus e = 200 GPa and density ρ = 7.85 g/cm 3 . Random design variables are defined as cross-sectional areas a r , r = 1, 2, with the means a r 0 = E a r = 5 × 10 −3 m 2 . The correlation function is of the form 
where λ = 0.5 and the coefficient of variation α = 0.02 are applied. The truss is loaded at the point C by the constant force Q(τ ) = 1000 kN, Fig. 1 . The response function is described as
where the allowable vertical displacement q all = 0.05 at the node C is assumed. A dynamic stochastic sensitivity analysis was carried out by the mode superposition technique using the program MATHEMATICA, [26] . The periods for the first and second vibration forms were: T 1 = 8.87×10 −3 s, T 2 = 5.07 × 10 −3 s. Maximum vertical displacements at the node C were approx. 0.02 m.
The expectations of displacement sensitivity of the node C to the change of cross-sectional areas were differed by 4 % from deterministic values, Fig. 2 . The results of variance for dynamic displacement sensitivity of element No. 1 and cross-covariance for sensitivity of elements No. 1 and No. 2 are shown in Fig. 3 . The calculations were done with first-and second-order accuracy. The covariances obtained with second-order accuracy are characterized by more constant increase in the time than covariances with first-order accuracy.
Example 2: Cylindrical thin shell structure
In Example 2, the time distributions of the sensitivity gradient for a thin shell structure, which is a quarter of a cylinder of radius R = 4.0 m and length L = 4.8 m, are considered, Fig. 4 . The following boundary conditions are adopted: along the bound AB the x-displacements, and y-and z-rotations are zero, BC is entirely free, CD is fixed, along the bound DA the y-displacements, and x-and z-rotations are zero. The material is characterized by Young's modulus e = 10 GPa and Poisson's ratio ν = 0.3. The finite element mesh of the shell consists of 60 equally rectangular elements. The shell thicknesses t r , r = 1, 2, . . . , 60, are random design variables with the means t r 0 = E t r = 0.1 m. The correlation function is described as
where λ = 0.25 and the coefficient of variation α = 0.08. The shell is loaded by constant force Q(τ ) = 10 kN at the point A, Fig. 4 , as a Heaviside step function, on the time interval T = 5 s divided into 2500 equal steps. The response function takes the form
where δ is the Dirac delta function and Ω is the structure volume. The terminal conditions of the adjoint system are λ(t) = 0,λ(t) = 0. We assume that the allowable displacement q z at the node A is 0.03. A dynamic sensitivity analysis was carried out using the mode superposition technique with 10 lowest eigensystems. First, solving eigenproblem, eigenvalues and eigenvectors were received. The frequency for Table 1 . The 60 correlated random variables were transformed into uncorrelated variables using 10 highest modes in the calculation.
The maximum displacements at the node A did not exceed 0.03 m, Fig. 5 . The differences between the expected and deterministic values were about 2 %. The numerical results of displacement sensitivity of the node A to the change of element thicknesses for selected elements are shown in Fig. 6 . The most sensitive results were obtained with the shell element No. 1 being around node C. The standard deviation of displacement sensitivity was about 30 % of the expectations. 
where λ = 0.1 and the coefficient of variation α = 0.7 are adopted. The response function takes also the form (31). The system is loaded at the point 93 by the constant force Q y (τ ) = 50 kN, Fig. 7 , as a Heaviside function, on the time interval T = 5 s divided into 2500 steps. The allowable displacement q y = 0.3 at the node 93 is assumed. A sensitivity analysis is also conducted using the mode superposition technique with 10 lowest eigensystems. The frequency values for the first eight forms of vibration were presented in Table 2 . It can be seen that the differences between the following values are small. A set of 124 correlated random variables was converted to a set of uncorrelated variables using 10 highest modes in the calculation.
The obtained displacements did not exceed the allowable limits. The results of displacements q x at the node 69 and q y at the node 97 are shown in Fig. 8 . The expected and deterministic values differ by about 3 %. Figures 9 and 10 give the expectations and standard deviations of dynamic displacement sensitivity of the node 93 to the change of cross-sectional areas of some elements. Elements No. 1, 27, 124 are distinguished by great sensitivity values. Some graphs, e.g., for element No. 114, are quite regular, others, e.g., for elements No. 1, 27, 41, 124, have varying amplitudes. The waveform for element No. 1, Fig. 9a ), is characteristic for systems with beat phenomenon. The standard deviations of displacement sensitivity with respect to the beam cross-sectional areas were about 30-40 % of the expectations.
The numerical results of dynamic sensitivity analysis of the shell, Fig. 6 , and of the frame, Figs. 9, 10, show that the time-dependent sensitivities gain positive values periodically in time, except Fig. 9c ). The graph of sensitivity for element No. 1, Fig. 9a ), particularly shows that positive values are higher than negative ones. The fact suggests that to decrease displacements at the considered points, decreasing the thickness of shell elements or the cross-sectional areas of beam elements may be appropriate. Such a proposition was already discussed in terms of statics by Jablonka and Hien [22] . 
Concluding remarks
A modified perturbation scheme for stochastic systems in a dynamic context, described in this paper, leads to completely second-order accurate both the probabilistic moments of time instant sensitivity. In a traditional perturbation scheme, only the expectations with second-order accuracy and first-order accurate cross-covariances were formulated. Presented results prove that stochastic sensitivity analysis of dynamic systems may be important for design purposes. Randomness of design parameters reflects the reality, inaccuracies in construction, slight destruction of building elements. Time instant sensitivity analysis shows how the response of a system is dependent on design parameters and reveals negative dynamic phenomena, e.g., beat effect. Dynamic sensitivity results obtained in the stochastic context provide more information about the response of the system and allow us to specify the so-called design point.
In the discussed examples, damping effects were omitted. Selecting the appropriate damping factor even more reflects the real structural response. Taking into account damping effects is the problem of further analysis.
